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Intensity vectors of the Pekeris n.del are calculated from values of
acoustic pressure and particle velocity which are obtained by numerical
integration. Plots of the vectors, for the cases of no-seabed, a rigid seabed
and fast and slow seabeds, illustrate the potential usefulness of the
intensity vector approach as an aid to understanding the physics of underwater
sound propagation. R
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Sound propagation in the sea can be a complex process for which
mathematical models of varying complexity have been developed. The Pekeris
wodel is the most basic of these; it consists of a howmogeneous layer of fluid,
which contains a time-harmonic point source of sound, lying over an infinite
half-space of anocther howogeneous fluid ([1-3]. Numerical values of pressure
obtained from this model are usually presented as plots of propagation-loss
versus range, at a fixed depth; or alternatively, as a contour plot of
transmission loss over depth and range. Jensen & Kuperman (4] use both these
presentations in their report which compares numerical results which were
obtained from various theoretical propagation models, which are also
described. Little progress has been reported in the presentation of
experimental measuremsnts since Wood's scale model work [S].

Plots of acoustic intensity vectors show not only the magnitude of the
energy flow but also its direction. Hence, intensity vector plots enable an
analyst to distinguish between cases in which there is a net outflow of
energy, and those cases in which the energy circulates in closed loops.
Pettersen (6] has presented plots which show energy flowing from some simple
source and sink configurations, and also plots which show diffraction around
and reflection from a thin barrier. Spicer (7) and Jamas (8] have computed
acoustic intensity vectors, for a fluid-loaded plate and shell, respectively,
which help to illustrate the physics of fluid-structure interaction.
Publications by Pahy (9] and Reinhart & Crocker [10] have dewmonstrated that
the 'two-microphone technique' is now a practical tool for the experimental
measurement of acoustic intensity.

In this meworandum, the mathewatical formulae needed to evaluate
numerically the pressure and velocity fields, of the Pekeris model, are given
for the special cases of no-seabed, a rigid-seabed, and fast and slow seabeds.
The calculation of intensities from numerical values of acoustic pressure and
particle velocity is straightforward. Plots of intensity vectors at low
frequencies and over short-ranges are presented and discussed. These
intensity vector plots reinforce previous numerical work on the Pekeris
wodel, and it is hoped that they will prove to be of sufficient interest to
encourage similar presentations in work on wore realistic models. The
mathematics necessary to extend the work contained here to the model
consisting of an arbitrary number of homogeneocus layers of fluids and elastic
solids is described elsewhere [11,12]). In the wmore realistic wmodels a rich
spectrum of propagating waves, such as the Stoneley and Rayleigh interface
waves, may be excited and it is expected that intensity vector plots may
reveal which of these propagating waves are likely to be detected
experimentally.
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2. PROBLEM FORMULATION

T™he Pekeris wmodel for sound propagation in a shallow ocean consists
of a time-harmonic point source of sound, of free—field pressure
Poexp( ik {Rg-iwt )/Rg, which is located in a layer of homogeneous acoustic
£fluid, whose upper boundary 2z=H is in contact with a vacuum, and vhose
lower boundary z=0 is in contact with a half-space of a second homogensous
acoustic fluid. This gecmetry is shown in Pigure 1.

The differential equations satisfied by the acoustic pressure,
expressed in cylindrical polar coordinates and omitting the time variation
exp(-iwt), for this axisymmetric prodblem are

vzp‘(r,:) + ktp‘(t.s) = ~ans(r)8(z-2, /T (2.1)
Vzpz(r,z) + k:pz(r,:) =0 (2.2)

The boundary conditions of continuity of pressure at the boundaries of
the fluid layer are

pt(r.ﬂ) =0 (2.3)
pt(r.o) - pz(r.o) (2.9)

and continuity of normal displacement at the interface between the fluid
layer and the fluid half-space requires that

(Ve )op (x,2)/02] = (1/p,)(3P,(r.2)/22] (2.5)
2=0 z=0

The remaining boundary conditions are those imposed by the radiation
condition, viz., at large distances from the source the pressure consists
only of outgoing waves. The solutions of equations (2.1) - (2.5) are

well known and are susmarised in the Appsndix for special cases of the seabed
constants.

The ti.—mraqod acoustic intensity vectors in the £luid layer have
radial and vertical components defined by

®
xtr(t") = (1/2) "“’1"""’1:""” (2.6)
®
Il'(t.l) = (W/2) "'“’1"""’1:""” (2.7)
-Q-
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The amplitude and phase of the vectors are

2 2 172
Il(r,z) - [Iu(r,z) + Iu(l‘.!)] (2.8)
-1
o,(r,z) = tan (I (r,z2)/I (r,2)] (2.9)
Equations (2.6) — (2.9) also apply to the fluid half-space if the

subscript 1 is replaced by the subscript 2.

3. NUMERICAL RESULTS

(a) General

Portran computer programs have been written to calculate and store
on a disk file the numerical values of pressure and particle velocities
at points on a selected grid in the r-z plane, for the various types of
seabed considered here. A separate Fortran program uses this data to form
and plot the tims—averaged intensity vectors.

The numerical constants in SI units used to produce the results shown
in Figures 2-13 are:

Pluid Layer Py =1000.0 ¢, =1500.0 #=80.0 Zg =55.0
Past Pluid Seabed  p, =1500.0 ¢y =1650.0
Slow Pluid Seabed  p; =1500.0 cy =1350.0

The integrals in equations (A7-Al5) must be evaluated numerically
because Closed form expressions are not available. Because the Hankel
transform representation is arbitrary with respect to a solution of the
homogeneous wave equation, it is necessary to introduce damping into the
system in order to lift the poles off the real-axis. Damping is included
by setting the sound speeds in the fluids to the complex values

c. mcC (l-in )
1 1 1 (3.1)

cz - cz(l-inz)

where 7y and n; are chosen as 0.001. This value is sufficiently small

-9
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to avoid significant attenuation in the fluids over the distances considered,
yet it is large enough to allow numerical integration without ill-conditioning
being present. The numerical approximation of the integrals, after truncating
the infinite limit to a sufficiently high value, is accomplished by a simple
adaptive Gaussian quadrature scheme. Parallel computation on an array of
r-values results in a considerable saving in computer time.

In Pigures 4-13 the plotted lengths of the normalised vectors are
proportional to Rgv(1), which is a spherical spreading correction.

(b) Radial wavenumber-frequency Plots

T™he dispersion relation for free—waves propagating in the dissipation-
free system is obtained from the denominator of the integrands as

Nx,w) = ﬂtt:Ol(B!H)-iszlin(ﬂ‘E) =0 (3.2)

The real values of a which satisfy this equation are the radial wave—
numbers at which free—waves propagate. The complex values of a represent
evanescent waves which decay rapidly with increasing radial distance from
the source. The solution o=k; is trivial.

In the absence of a seabed there are no free—waves of finite wavenumber,
and the special case of a rigid seabed gives free-waves whose cut-on
frequencies are

tn - (2n+1)cl/4l! ’ n=0,1,2,... (3.3)
and whose real wavenumbers are given by

- 2_.2.1/2
a. (2"/01)(5 £) n=0,1,2,... (3.4)

A slow seabed c3¢Cy; has no free—waves. A fast seabed c,>c; has
free-waves whose cut-on frequancies are

2 _2.1/2

fn - (2n+1)clc2/w(cz-c1) . n=0,1,2,... (3.5)

and whose real wavenumbers are constrained to lie inside the interval

kltﬂ)kz
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Pigure 2(a) shows the wavenumber-frequency plot of the rigid seabed
where free-waves cut-on at frequencies 4.7HE, 14.1Hz and 23.4Hzx. Pigure 2(Dd)
shows the wvavenumber—-frequency plot of the fast seabed, where a single branch
cuts-on at 11.3Hz. The lines o=k; and a=k;, between which the real
wvavenumbers for the fast seabed are constrained to lie, are included on the
plot as reference lines.

(c) The Reflection Coefficient

The plane-wave reflection coefficient at the seabed

2 2 2 2 2 2
R(6) = [pzczcoso—piv(cj-czun 9)]/[p2czcooo+plv(cl-c2un e)] (3.6)

is of interest because the transform representation of the pressure field
resolves the pressure in the fluid layer into a continuocus spectrum of

waves propagating both upwards and downwards at angles of incidence 6 given
by the equation

a = ky8ine

In Pigure 3(a) the magnitude of the reflection coefficient for the
slow seabed decreases steadily with increasing € until it vanishes at
the angle of perfect transmissjon, 6=64°, At larger values of 6 the
magnitude of the reflection coefficient increases steadily, attaining its
maximm value of unity at e=9Q¢°,

In Pigure 3(Db) the magnitude of the reflection coefficient for the
fast seabed is an almost constant 0.25 until 6=40°, It then increases

rapidly to the value of unity at o=65°, the case of perfect reflection,
after which it rewmains at unity.

(A4) Intensity Vector Plots at 2.5Hz

Pigures 4 and 5 show the intensity vector plots at a frequency of
2.5Hz where the wavenumber-frequency plots of Pigure 2 show that there
are no propagating modes. There is little difference between the plots
for no seabed, the slow seabed and the fast seabed, all of which show the
characteristics of a dipole sound source (6] where most of the sound energy
is transmitted into the seabed. The case of the rigid seabed is somewhat
special because the intensity is only non-zero by virtue of the finite value
of 1. Here the enexrgy, which is two orders of magnitude smaller than that
of the other plots, is being absorbed in the layer.

~11-




(@) Intensity Vector Plots at 5.0Hz

Pigures 6 and 7 show the intensity vector plots at a frequency of
5.0Hz, where the wavenumber-frequency plots of Pigure 2 show that a
propagating mode is present only in the rigid seabed case. This mode
quickly becomes dominant as r increases, its intensity vector components
being

It~ mz(ﬂllza)/r, I =0

Again, there is little difference between the plots for no seabed, the slow
seabad and the fast seabed, where the intensity vectors exhibit the
characteristics of dipole radiation of energy into the seabed.

(£) Intensity Vector Plots at 15.0HZ

Pigures 8 and 9 show the intensity vector plots at a frequency of
15.0Hz, where the wavenumber—-frequency plots of Pigure 2 show that two
propagating modes are present in the rigid seabed case, and one is
present in the fast seabed case. Again the plots for no seabed and the
slow seabed approximate to dipole radiation of energy into the seabed.

In Pigure 8(b) the two propagating modes cowbine to produce an
interference pattern which shows energy propagating along the layer with
non-zero vertical intensity vector components although the intensity vectors
of the separate modes are everywhere horizontal. This is because intensities
40 not add linearly -~ the pressure of the first mode interacts with the
velocity of the second mode and vice versa, Schultz (13]. The total energy
flow iz, however, the sum of the energies contained in the individual modes
because the contribution of the cross—terms, when integrated across the layer
thickness, is zerxo.

In Pigure 9(b), at small distances from the source the intensity vectors
approximate to those of dipole radiation of energy into the seabed. At
larger distances the propagating mode, whose cut-on frequency is 11.3Hz,
interacts with an evanescent mode to produce a closed loop of energy
circulation. The propagating mode may de resolved into two waves, one of
which propagates upward and the other downward, their angle of incidence being
greater than the 65° at which perflect reflection occurs. This mode just
begins to dominate at the maximum range shown, vig. 150m.

-12~
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(g) Intensity Vector Plots at 25.0Hz

Pigures 10 and 11 show the intensity vector plots at a frequency of
25.0Hz where the wavenumber—frequency plots of Pigure 2 show that three
pPropagating modes are present in the rigid seabed case and one is present
in the fast seabed case. The plots for no seabed and the slow seabed are
similar and are typical of intensity patterns cbtained from well-separated
sources.

In Pigure 10(b) the three propagating modes combine to produce an
interference pattern which shows enerqgy propagating horizontally at the
top and bottom of the layer. The plot for the fast seabed, figure 1l1(Db),
is not unlike the plots of Pigure 10(a) and 11(a); the single propagating
mode does not dominate the soclution until radial distances are in excess
of 300m (not shown).

(h) Intensity Vector Plots in the Seabed

Pigures 12 and 13 show the intensity vector plots, at a frequency of
25.0Hz, in the slow and fast seabeds respectively. The reduction in magnitude
of the vectors as the interface is crossed is presumably due to partial
reflection at the seabed. As predicted by Snell's law, the intensity vectors
in the slow seabed are refracted slightly towards the normal, while the
intensity vectors in the fast seabed are refracted away from the normal.

4. CONCLUDING REMARKS

Pormulae have been given from which values of the acoustic intensity
vectors of the Pekeris model of underwater sound propagation may be calculated
numerically. The limited number of plots shown here illustrate the way in
which both the magnitude and direction of the energy flow in the sea can be
controlled by the properties of the seabed, especially when these properties
are such as to allow the propagation of normal modes. Of particular interest
are the complex interference patterns and circulatory energy flows which this
new method of presenting propagation data highlights. These preliminary
intensity vector plots are considered to be of sufficient interest to justify
further numerical work using more realistic models of the seabed in which,
for example, shear wave motion is included. The practical value of intensity,
as opposed to pressure, measurement could be investigated by means of
interacting theoretical and scale model work.

E A Skelton (HSO)
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APPENDIX

Pormulae for acoustic pressure and particle velocity of the Pekeris model

(a) No Seabed

In the special case in which the layer and the half-space consist of
identical fluids, the pressure in the fluid is obtained by the wmethod of

images as

P (r.2) = p exp(ik R )/R, - p exp(ik R }/R (A1)
where
2 2 2
no =T 4 (a-zo)
Rz - rz + (242 -zu)z

0

-

The radial and vertical particle velocities are

2 2
ViglTe3) = (Por/duwp ){( 1k -1/R,)exp(ik R,)/Ry - (ik -1/R )exp(ik.R )/R ) (A2)

2
Vig(T%) = (Pgy/1uwp ){(2-%,)(ik -1/R,)exp(ik R, )/R,

2
- (z45,-2H)(ik -1/R )exp(ik R )/R } (A3)

(b) Rigid Seabed

T™he rigid seadbed may be considered as the limiting case of the fluid
half-space as o, ~@® and C; - @ . The well known series solution for the
pressure in the fluid layer is (1)

[ )
pl( €, 8 )=( 21r1.po/a)z cos( [zm-l.]rrso/zn ycos( [2n+1]wz/2n)no( unr) (Ae)
n=0 -
-JLl-
REae N RS TRLIED
— " - "‘ = .




from which the radial and vertical particle velocities may be deduced as

[ )
vu_( x,Z)=( -21rp°/upxa) Z ancol( [ZML]anZH ycos( [2n+l])nz/2H )Hx( anr ) (AS5)
n=0
]
Vu( r,z)=( -nzpo/uplﬂz ) Z {(2n+l)cos( [zn+1]rr:¢/2!l )sin( [2n+l])rz/2H )no( dnt) (AS)
n=0

(c) Fast or Slow Seabed

In the general case of the fast seabed (cCy>C;) or the slow seabed
(cz¢cy), the pressure and particle velocities in the fluid layer are given
in the region 0<z<zy by

[ ]
-1 -1
p‘(t,z)-ZPo J a8, D Jo‘“”)'“‘”’z[“"'o])(”:“""x‘)'mz"‘“("x')"’“ (A7)
o

@
v (T2r2pyue ) | a®s '0 7 (ax)sin(e (821 (8, con(B, 2 )-1b8,8in(B, 2))4a

0o (A8)

Vlz(r.z)-(zmolupl) aD-lJo(ar)-in(Bxlﬂ-zol)(Bllin(nlz)ﬂbnzcol(nx:))da

o (A9)

where the dispersion relation D is

Xa,w )-alcol( Blu )—tbazlin( ptu)

and in the region z°<zG by

[ ]

~1_=~1

pl(t,z)-zpo ] c:ua1 D Jo(at)lin(ﬂllﬂ—z])(Blcot(B‘zo)—ibazlin(ﬁlzo))da (AL0)
o

o
V. (F.2)=(21p Juo ) J a’s;'0" !5 (ar)min(a, (a-2) )(B,co8(B, 2 )-1ibA,w1in( 8 2 ))da
0

(A11)

-32~




[ ]
V, (T 2)=(21p fup, ) J aD-lJo(ar)eoo(BI[E-:] )(8,co8( 8,2, )~1bB sin( B z,))da
0

(A12)
The pressure and particle velocities in the lower half-space are
[
-1
Pz(rnl) - ZPO J aD Jo(n)'in(ﬂtlﬂ‘SO]M(‘mzz)dd (Al3)
0
®
V, (¥, 2)=(21p fuo,) ]' ooty ((aT)sin(s, [B-2 ] )exp(~18, 2 )aa (Ale)
0
[ ]
-1
sz(rnl) = (‘ZPO/II'Pz) I Gﬁzo Jo(‘ﬂ)'ih(ﬁl[ﬂ‘lol )'*P(‘iﬁzl)dﬂ (Al1S)
0
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